Correction terms (up to third order in temperature) for the effect of centrifugal distortion on the rotational partition function of linear molecules, spherical, symmetric, and asymmetric tops are evaluated by means of the classical partition function. It is shown that for the linear, spherical, and symmetric cases, the expressions thus obtained differ from the exact quantum expressions only in the absence of a very small constant correction term. It is then proposed that the partition function for a nonrigid asymmetric top, for which no exact expression has as yet been derived, be evaluated as the product of Watson's asymptotic expansion for the rigid rotor and the centrifugal correction factor derived in the present work. Numerical comparison with direct numerical summation shows that, even for troublesome cases, this approximation holds very well even at 2000 K. Similar performance is observed for the heat content function, except for pathological cases at high temperatures. In the rigid-rotor case, Watson's asymptotic series holds very well. As an example application, pilot calculations have been performed on the thermodynamic functions of water and formaldehyde. The present method yields functions in excellent agreement with those obtained by direct rovibrational summation, whereas computer-time requirements are reduced by 3 or 4 orders of magnitude.
I. INTRODUCTION
When information about the energy levels and/or spectroscopic constants of a given molecule is available, either from ab initio calculations or from spectroscopic data, setting up the partition function allows the evaluation of the thermodynamic functions at any desired temperature.
The partition functions for atoms and diatomic molecules can quite well be set up by direct numerical summation, although this may require some computer time for a diatomic molecule if a lot of electronic states are to be included. For polyatomic molecules, the so-called rigid-rotor-harmonic-oscillator approximation is usually made, as e.g., in the JANAF tables.' This normally does not have far-reaching consequences at or around room temperature, but results in serious deviations at the high temperatures that are of interest in materials science, combustion studies, aerospace technology, and astrophysics.
Unlike the case of a diatomic, direct numerical summation over rovibronic levels would be an extremely time-consuming procedure and is not practical for routine work. For asymmetric tops (the most commonly occurring case), the additional complication arises that no closed-form expression for the energy levels exists, which necessitates the solution of an eigenvalue problem for every value of the principal rotational quantum number J.
The case of a semirigid rotor (i.e., subject to rovibrational coupling but not to centrifugal distortion) can be very conveniently dealt with in closed form: The expressions for linear molecules,, spherical tops, and symmetric tops have been known for more than half a century.* This enables the semirigid partition function to be set up very accurately by directly summing over vibronic levels, evaluating the rotational constant(s) for this level, and computing the rotational contribution for this level from the closed-form rotational partition function QR .
The exact treatment as a nonrigid rotor, however, requires correcting for centrifugal distortion. This latter effect is far from academic at elevated temperatures, and may actually exceed the error resulting from the harmonic approximation. Furthermore, the quartic centrifugal distortion constants (which incorporate the greatest part of the effect) require no additional data beyond the molecular geometry and the harmonic frequencies to be evaluated.
For linear molecules,3 spherical tops (as a special case of the symmetric top), and symmetric tops,4 convenient expressions for the centrifugal distortion correction have been published. The asymmetric top, the most important case, has not yet been dealt with in detail because of the complication discussed above.
Centrifugal distortion only becomes reaZZy important in the high-temperature limit, where the partition function can be very well approximated by the classical one. So one becomes tempted to derive the centrifugal distortion correc-tion from the classical partition function. How well does this approach work?
Before proceeding, we shall first briefly review the theory for semirigid rotors.
II. THE PARTITION FUNCTION FOR SEMIRIGID ROTORS
The rotational energy levels (in vibrationless 'B electronic states) of a semirigid linear molecule are given by the expression5 F(J) = BJ( J + 1) with degeneracy 2J + 1, (1) where B represents the rotational constant, and J the rotational quantum number which can take on all non-negative integral values. (Throughout the present paper, neglect of nuclear-spin effects is implicit; these are negligible above 50 K anyway. ) By applying the Euler-MacLaurin summation formula to the partition function, the following expression3 for the semirigid-rotor partition function Q", can be obtained:
where b=c,B /T, with the second radiation constant c, being defined through c, = hdk.
The rotational energy levels for a semirigid symmetric top5 involve two quantum numbers J and K and two rotational constants C and B, 
whereas the semirigid-rotor partition function simply becomes Martin, Franqois, and Gijbek Rotational partitibn function 8375 case) can be obtained by substituting a "geometric mean" rotational constant in the symmetric-top expression, Q :SYllllll (A,B,C)zQ:,m, (d=,C,c),
where the pair A and'B are-chosen as theone for which A /B isclosest to unity.
Although it is not possible to obtain an exact analytical form for the partition function of a rigid asymmetric top, Watson' recently derived a high-temperature limit expression, which is given by exp(f, )(l +f; +f$ + ***), (8) 
where a=c,A/T, b=c,B/T, crc,C/T, and each sum runs over the three cyclic permutations (abc), (bcil), (cab).
(Nuclear-spin corrections are also considered in this paper. > Two important limiting cases are readily verified: by substituting a = c, the expressions simplify to McDowell's form4 for the partition function of a semirigid symmetric top, while substituting a = b = c leads to the expression for the rigid spherical top.
All Q", expressions presented here have two striking similarities:
o The formal structure of the expressions. Even the power-series coefficients are identical.
o For high temperatures, all expressions lead to the familiar classical "equipartition limit": (n/abc) I'* for asymmetric tops, (r/b *c) 1'2 for symmetric tops, (n-/b 3 ) I'* for spherical tops, and finally l/b for linear molecules.
For linear molecules and spherical tops, the energy expression in the presence of centrifugal distortion becomes
+H tJ(J+ 1)13 7 me*, (12) where D and H denote the quartic and sextic centrifugal distortion constants, respectively. Generally, D=Q(10-6B)andH=O(10-'2B).
For symmetric tops, the energy-level expression with centrifugal distortion is a little more complex, involving three quartic constants DJ, DJ,, and Dx and four sextic constants H,, HJK, H,,, and HK,
An asymmetric top has three different rotational constants A, B, C. Its energy levels can no longer be cast in closed form, but must be found by solving an eigenvalue problem instead. Hence, the only exact procedure is direct numerical summation. Gordon6 showed that an acceptable approxi- 
As S is very small, we may expand its exponential in a power series,
The expression in parentheses has the same form as the effective Hamiltonian for the rigid rotator, if we remember that P, = tir,, Py = MY, P, = #Uz. Making the transformation, the powers of fi drop out,
--eo
The Arst term corresponds to the semirigid rotor; the second, third, and fourth terms to first-, second-, and third-order centrifugal distortion corrections, QR ~=l+Y,+Y*+~,+y,+~*+-t.'..
Q",
We will first evaluate the first-order correction term, 
=~~ '~~(tt+t:,+t~~+60[r,(t,+t,) 
An equivalent expression has previously been derived by Woolley.'3
Sextic centrifugal distortion also makes a contribution top2 . The sextic constants are normally of equal or higher order of magnitude than the products of the quartic constants. Using the definition of the effective sextic constants QODr according to Watson," the 
The first-order correction to the partition function then becomes
=--
For notational simplicity, we again introduce "reduced" sextic centrifugal constants j& = (P,/B, B,B,,. Equation (46) 
The third-order temperature correction is found, after an analogous and straightforward but tedious computation, to be
T1:
exp( -Wi/kT) s3
= -~~Wxt,t, + 36(~t:z + t&a + tbyy> + 6O[t,&(t,, + tyz, + t,,t,!t,, + tyz, 2 +tyyL(txy+L)] +70(t:,ty,+t,yt2,+t,,t:,) + qt:,uyy+t,) -tt;y(txx +t,1 +tto,, +t,,,] +12o[txy(txy fL)(L +tyx, +txz(txz +tyy1ctxy -t-t,,> +t,,(t,, +tyz>ctxy t&z)] + 144t,,t,,t,, 3: 2W:y + t:, + $1 + 2Wwxytxz -t t.rytyytyz + txzt,,tzz> + 3Wt,txytyy + txxtxzt, + tyytyztu) +Wt:yL +tyy) +th(txx +tzz) +t;z(tyy +t,)] +63O[tf,(txy+txz) +t;y(tx.v +t,,) +t&z+tyz>] + 1155(tL + t:, +tt,l. (51) We have also evaluated the fourth-order contribution, but these expressions fill several pages even in the present notation. They are available as supplemental material to the paper.14 B. Symmetric tops If the principal axis is other than fourfold, the following equalities are valid (see Table XIII 
with similar relationships again holding for the reducedfconstants. If the principal axis is fivefold or higher than. sixfold, additionally ap, -@,,yy and consequently ep,,, = Qyyx = 3@,/2. .We will treat the threefold case below as it will be obvious that the conclusion also holds for the fivefold or higher than sixfold cases.. The previously derived expressions for the asymmetric top then reduce to ~1 = -$ Wxx + 3t,, + 4t.n 1, 2 3T2 (128t2,.+35tk;t 64t,,t,, + 16t,,t,, + 32tg + 4Ot,,t,,), y2 = 32& _' ~~ . . ._.
(55) (56) 5, = -f (24f, + 24f,,,$ 16Lz f 12L + .15L), +f,,)tx, -t-768f,x,t,,~+-i88f,,t,, + 12WLztxx + 3WLxx +f,,kz + Wfixztxz. 2 =t 48Of, a -t 42Of,t,, + 72( f,, +fyy kz + wf,,,t, + wfi t, f 94vizztzz 3. 
The very small constant p. term is absent in the classical treatment, but it is easily shown that the classical and quantumpI, p2D, and pJD are equivalent. The H constants involved in the quantum pii andp,,,, are related to the sextic constants by the following relations [see Eq. (36) 
which is again equivalent to the classical expression! The only case we have not treated yet is that of a fourfold principal axis. The symmetry relationships for this case can easily be found from the transformation to cylindrical constants (see Table I of Ref. 16 ) by requiring a' 402 = cp,,, = a,, = @02, = %o, = O#%!J,. (73) They are (see also 
where h, represents a K-doubling constant. Also
where d2 is another K-doubling constant. If these definitions are substituted, the first-order correctionp, is still identical between classical and quantum expressions, but fromp, onwards a difference between classical and quantum energy expressions is found, composed of a number of terms that involve products of d2 and h,. However, the K-doubling constants-which are normally quite small-correspond to terms in the energy-level expression that have been omitted in the derivation of the quantum symmetric-top partition function. If dz and h, are set to zero, the same result as for the fivefold and higher than sixfold principal axes is obtained and equivalence between classical and quantum p2 and pS follows naturally.
C. Spherical tops
As the quantum expression for the spherical top can be derived as a special case of that for the symmetrical top, it follows trivially that, again, the classical and quantum corrections for the asymmetric top are equivalent except for the absence of the very small constant p,, term in the classical expression.
As a check of the consistency of our derivation, however, we can derive it by imposing the appropriate symmetry constraints [see Eq. (41) 
cp xxx = @yyy = *P, =H-4&t +&, 
ax,,= = 3H + 18H,, + 45H,,,
where D,, Hgr, and Het are small splitting constants that cause the energy levels to deviate from the simple form given in Eq. (12). If these are neglected, the correct quantum expressions' (except of course for the small constant p0 term) are easily recovered.
D. Linear molecules
We have not dealt with this particular case as yet. It can be shown' that the phase integral becomes
with the rigid-rotor energy leading to 
After a totally analogous computation as for the asymmetric top we find (with b=c,B/T, d=D/B, and h=H/B),
which is identical to the quantum expression3 except for the omission of the constant term -2d /3.
IV. AN APPROXIMATE QUANTUM CORRECTION FOR THE ASYMMETRIC TOP
We have thus seen that for all cases other than the asymmetric top, the only difference between the classical and quantum centrifugal correction factors is the absence ofpO in the classical expression. On the basis of this result, and on the fact that the rigid-rotor expression for the asymmetric top has a similar structure to that of the symmetric top, we conjecture that the classical approximation will again produce a good result for the asymmetric top.
The small effect ofp, may now be treated approximately by introducing a Gordon-like approximation, i.e., one analogous to E?q. (7) . As there are six distinct Tap constants for an asymmetric top, and only three for a symmetric top (neglecting the K-doubling in the case of a fourfold principal axis), three additional "averaged constants" must be introduced besides 3 = &@. Our proposition is to choose them such that the classical symmetric-top p, with the Gordonlike constants is identical to the classical asymmetric-toppi . Denoting the "averaged" centrifugal constants involved by T,,, this means 
T, = T,,
. izz = tzz.
or, alternatively, So we can approximatep, for an asymmetric top at practical temperatures by
This leads finally to the following suggested approach to asymmetric tops:
l Treat the rigid rotor exactly with the Watson expression.
o Treat p1 and pz classically. e Treat p. with the Gordon-like approximation just discussed.
V. HEAT CONTENT FUNCTION AND HEAT CAPACITY
Besides the partition function, the heat content function H( r) -H( 0) and the heat capacity Cp are also important. They are found through the expressions
c, &&k&R,.., dT and, for an ideal gas
where we have introduced the first and second moments of the partition function, defined ast7
Upon differentiating our approximate expression for Q, we find 
One problem if our approximate formulas are to be applied using experimental quartic and sextic centrifugal constants is that only five combinations of the six distinct T,,, and seven combinations of the ten distinct Qp,, are well determined experimentally." However, at least for the quartic constants this problem is somewhat artificial, since only the harmonic force field and the molecular geometry are required to obtain all six constants directly.15
For the actual application for which this work is intended, namely the construction of thermodynamic functions from ab initio data, the problem does not arise at all as there the T,, and QafiY constants are the primary ones, not the linear combinations.
At present, the principal literature source of ab initio quartic and sextic centrifugal constants is the work of Clabo et aZ.,'* from which we selected their self-consistent-field triple zeta plus polarization (SCF/TZP ) data on fotialdehyde and the formyl radical, as well as their configuration interaction with singles and doubles (CISD/TZP) data on water. In that reference, the five determinable linear combinations of the Tarp, namely A,, A,, Ati, S,, and 6, are given, as well as the sixth combination R6. The former five were used directly for setting up the rotational Hamiltonian; together with R,, they were backtransformed to the T,, by reversing the transformation given in Tables I and III of Ref. 16. For the sextic constants, however, only the seven experimentally verifiable combinations H,, HJR, HRJ, HK, h, , h, , Iz, are listed in Ref. 18 ; for these, the three other combinations were assumed to be zero in the backtransformation. For the sake of completeness, the rotational constants used are their'* A 6, B 6, and Cl, values.
The A reduction" of the rotational Hamiltonian has been used throughout, and the Hamiltonian matrix for each value of J factored in its E + (even K-symmetric), E -(even K-antisymmetric) , 0 + (odd K-symmetric), and 0 -(odd K-antisymmetric) blocks according to Wang. l9 The I great computational advantage of the A reduction over the S reduction" is that in Wang-blocked form, all matrices become tridiagonal which allows for rapid computation of their eigenvalues according to the TQLRAT algorithm.** Its principal disadvantage, namely the breakdown for an accidental symmetric top, is not an issue for the present application since for a symmetric top (true or accidental), direct summation of the symmetric-top energy-level formula is the method of choice anyway. A detailed account of the A reduo tion has been given by Watson;r6 for the sake of clarity, here we repeat the matrices and matrix elements involved, . . 
(in which E is expressed in cm ' ' ) are evaluated and added to the partition function and its first moment, respectively. If it is below a given threshold,TOL, the process is converged, otherwise Jis incremented and the next AQ evaluated. With the present algorithm, a direct summation up to J= 155 takes 2'25" on an Apple Macintosh SE/30 personal computer;22 the same procedure in the S reduction (where matrices are no longer tridiagonal) took about three hours.
The calculation was done at the following representative temperatures: 50, 100, 200, 298.15, 500, 1000, and 2000 K; All these temperatures are beyond the range where nuclearspin effects are significant. TOL was always set at 0.000 01. Besides the exact values, Tables I-III list exact numerical summations for the corresponding rigid rotor (obtained by setting all centrifugal constants to zero) and a rotor with only quartic centrifugal distortion [indicated as "Exact (D only) "I, as well as the "classical" rigid-rotor partition function, the Watson rigid-rotor partition function, and the results in the present approximation terminated at various terms in the expansion.
To assess the magnitude of errors in thermochemical calculations, the bottom part of these tables shows the effect on the free-energy function gef
(T) = -[G(T) -H(O)]/T-RlnQ.
Our first results, presented in Table I , are for formaldehyde, which is a "well-behaved" molecule in the sense that the centrifugal distortion constants are fairly small, and the rotational constants not overly large. Our first observation is that the Watson expression for Q+d is exact to the precision displayed for all temperatures. The deviation from the classical partition function accounts for an error in gef( r) of 0,094 J/K mol at 50 K, but only 0.016 and 0.002 J/K mol, respectively, at room temperature and 2000 K. The effect of centrifugal distortion increases from 0.003 J/K mol at 50 K over 0.016 J/K mol at room temperature to 0.109 J/K mol at 2000 K. Neglect of sextic distortion still only accounts for 0.005 J/K mol at 2000 K.
Given these findings, it is not surprising that the classical correction for centrifugal distortion performs admirably. Even when just p, is included, the error sinks below 0.001 J/K mol throughout the table, although at 2000 K this is due to an error compensation between the neglect ofpzD and that of pzH. Inspection of the p values given in Table IV indeed reveals thatp,, andp,, almost perfectly caficel each other. The approximate p. correction has no perceptible effect on gef( T), although the agreement between approximate and exact Q appears to be slightly improved at lower temperatures. As formaldehyde is not too far removed from a symmetric top, our approximatep, should indeed work well. Table II presents the more difficult case of water, which has large rotational constants, is fairly strongly asymmetric, and exhibits very large centrifugal stretching about the K axis. The very large A, results in divergence of the direct summation at 2000 K, and even at 1000 K if the sextic constants are neglected. The only way to work effectively around this at higher temperatures would be to include octic constants in the Hamiltonian. The error in the Watson expression for Qrigid is now perceptible at 50 and 100 K, but only results in an error of 0.002 J/K mol in gef( T) at 50 K. The classical approximation for Qrigid, on the other hand, results in a serious 0.761 J/K mol error at 50 K, a more moderate but still significant 0.124 J/K mol at 298.15 K, and a small but still perceptible 0.018 J/K mol at 2000 K. The effect of nonrigidity on gef( 2") is more pronounced here than for formaldehyde, reaching 0.283 J/K mol at 2000 K and still amounting to 0.050 J/K mol at 298.15 K. Neglecting sextic distortion starts showing up beyond room temperature, and results in a 0.111 J/K mol error at 2000 K.
The approximate expression terminated atp, does quite well at low temperatures, but starts resulting in perceptible errors at 1000 K. At 2000 K, the error is only half that of the termination at quartic constants, which again is the result of an error compensation. Including both pz terms improves the result somewhat at 2000 K, but really good agreement is only achieved after inclusion of p3, which places the maximum error at -0.003 J/K mol. The inclusion ofpO does not appear to be beneficial to the results, which is understandable given the highly asymmetric character of the rotor. Overall, however, the classical approximation to the centrifugal distortion factor appears to work quite well.
Our third and final example, the formyl radical, is somewhat pathological as it is an example of a "strongly prolate" molecule, being nearly but not entirely linear. Centrifugal effects are fairly extreme, causing the exact summation with only quartic terms to diverge even at 200 K. Perceptible deviation between Watson and exact values for Qrigid is only seen at 50 K. The error behavior of the classical rigid-rotor partition function is comparable to that for formaldehyde, though all values are slightly larger. Neglect of sextic stretching, inasfar at it could be assessed, is significant even at room temperature. Overall effect of centrifugal stretching on the partition function is about as important as for water.
Again, pr alone does a very good job at or below room temperature, once more assisted by an error compensation. Beyond 298.15 K, errors increase rapidly because of the importance of sextic stretching; at 2000 K, p1 accounts for less than half the deviation in gef( T). Inclusion of bothp, terms cuts the error in gef ( T) in half, whereas the third-order correction cancels the error to the precision displayed at 1000 K and below. At 2000 K, it becomes an acceptable -0.026 J/Kmol. Part of this error may be due, by the way, to the approximations inherent in our backtransformation of the sextic constants. Taking p. into account slightly improves the agreement between exact and approximate partition functions (again because we are near a symmetric top), but has no perceptible effect on gef( r> .
Let us now look at the first moment of the partition function, Q '. Tables V-VII summarize the results for these. Direct numerical summations tend to converge more slowly, lagging about an order of magnitude behind Q on the convergence criterion. In absolute value, the agreement between approximate and exact values is not quite as good, on the other hand, what matters for the accuracy is the difference in the heat content function, R T In ( Q '/Q) . It is then seen that for formaldehyde a perceptible error only shows at 2000 K with pi alone; when pz and p3 are also included, even that small error of 0.002 kJ/mol disappears. For water, however, truncating the series at p1 results in serious errors at 1000 K and above, whereas including pz and certainly p3 removes them inasmuch as is possible. For the formyl radical, ps must be included for an accurate result at 1000 K; apparently the series breaks down, however, at 2000 K, where the error atp3 even exceeds that in the harmonic approximation. Also noteworthy is that the low-temperature errors inherent in the Watson asymptotic series are apparently higher for Q ' than for Q.
Summarizing, the classical approximation to centrifugal distortion does the job quite well, except for pathological cases at high temperatures. This becomes even more apparent when realizing that allp constants together require only a tiny fraction of a second to be evaluated, and are furthermore independent of temperature ! When placed inside the loop over vibrational states in a direct rovibrational summation, requiring it to be applied hundreds to ten thousands of times for one molecule and one temperature, the present method will realize a computer time savings of 4 orders oft magnitude or more. For the evaluation of a JANAF-style' thermochemical table, this makes the difference between a calculation that can be routinely carried out on a personal computer and one that requires booking CPU time on a supercomputer.
VII. EXAMPLE APPLICATION: THERMODYNAMIC TABLES FOR WATER AND FORMALDEHYDE
To illustrate this point, we have performed some pilot calculations for the thermodynamic functions of a triatomic and a tetra-atomic molecule, where the rotational partition function code was placed inside a loop over vibrational quantum numbers. In these calculations, all vibrational states that have a relative contribution of more than lo-* are included in the state sums. Rotational direct summations were terminated when the relative contribution to QR fell below 10 -' or started increasing again, whichever occurred first.
It is perhaps the place to point out that in such an algor: ithm, even when the Tap and aGflY are independent of the vibrational quantum number, the D and H constants are not because of their dependence on the rotational constants,. Hence, the transformation from the effective constants to the A reduction should be repeated for each vibrational state. Table VIII It is evident from Table VIII that our present method requires only negligible computer time, whereas that for a TABLE VIII. Thermodynamic functions at 1 bar for water, using the approximation introduced in the present work. Deviations from exact numerical summation are given in parentheses and apply to the last digits. direct summation is significant but still manageable. (After all, water is only a triatomic. ) Between 100 and 1000 K, the results for the two methods are identical for all intents and purposes; above 1000 K, the differences start increasing, to reach at 2000 K still quite acceptable values, 0.027 kJ/mol for the enthalpy function, 0.090 J/K mol for the heat capacity (which is expected to be the most sensitive), and 0.014 J/K mol for the entropy. (The difference in the free-energy function is less than 0.001 J/K mol.) Actually, the "exact" values are plagued by convergence problems above 1000 K, and a very substantial part of the "error" in our approximate method may be due to uncertainties in the directly summed values. Yet our approximate method is seen to require 3 orders of magnitude less CPU time at 2000 K. The same analysis is presented in Table IX for formaldehyde. Here, all constants are SCF/TZP data from Clabo et al., except for the rotation-vibration coupling constants which were missing in that article, and consequently taken from the work of Harding and Ermler. "' The results here, for this tetra-atomic molecule, are much more spectacular. The approximate heat capacities are only 0.001 J/K mol lower than the 'exact" ones above 1000 K, and identical to the tabulated precision at or below this temperature. Computed entropies and enthalpy functions are identical, except for differences of 0.001 J/K mol and 0.001 kJ/mol, respectively, at 2000 K. The free-energy functions are identical altogether. At 2000 K, however, the "exact" data required 6h6'29" of CPU time, whereas the approximate values were obtained in less than 1.5 s ! At still higher temperatures, the ratio would be even more favorable than these 4 orders of magnitude, whereas molecules with still more atoms would display even better CPU time ratios at these temperatures (because larger moments of inertia mean smaller rotational constants, and hence closer spacing of rotational energy levels), and would require supercomputer time, as the number of vibrational states to be summed increases rapidly with the number of atoms. This problem would become even more acute if the molecule additionally had low-lying excited electronic states and/or several isotopic species of comparable abundance (e.g., boron -compounds). The fairly small centrifugal distortion constants of formaldehyde, by the way, will be more typical for large molecules than the extreme values of water and formyl radiCd.
VIII. CONCLUSIONS
We have outlined the importance of the centrifugal distortion correction to the rotational partition function, and shown that it will become important at high temperatures, where the rigid-rotor partition function is well approximated by the classical equipartition limit.
For asymmetric tops, the most common case, the absence of a closed-form expression for the energy levels precludes an analytical expression.
Using phase integrals, we have derived an exact classical expression for the centrifugal correction for the case of the asymmetric top. The corresponding expressions for symmetric and spherical tops are found as special cases; the expression for the linear molecule is found straightforwardly. TABLE IX. Thermodynamic functions at 1 bar for formaldehyde, using the approximation introduced in the present work. Deviations from exact numerical summation are given in parentheses and apply to the last digits.
T gef( r) H(T) -H(O) so CPU time (s)
(W It is then shown that for the linear molecule, the spherical top, and the symmetric top, the corrections thus obtained are identical to the previously derived quantum expressions except for a very small constant correction term. There is no reason why this should be different for the asymmetric top; it is therefore proposed that the effect of centrifugal distortion correction for the asymmetric top be approximated classiC&y.
In order to find an approximation to the very small remaining term, it is first shown that the rotational and centrifugal constants of the symmetric top can be chosen in such a manner that the first-order asymmetric correction is recovered exactly. Then it is proposed that these "averaged" constants be substituted into the quantum correction for the symmetric top as an approximation to the quantum effect on the centrifugal term of the asymmetric top. Given the very small nature of the latter, such an approximation is permissible.
Numerical comparison with results obtained by direct numerical summation show that the present method produces errors of less than 0.001 J/K mol in the free-energy function, whereas it takes 4 orders of magnitude less computer time. For the enthalpy function, an accuracy of 0.003 kJ/mol or better can be reached, except for pathological cases at high temperatures (such as, in the present paper, the formyl radical at 2000 K) .
As an example application, pilot calculations have been performed on the thermodynamic functions of water and formaldehyde. For water, a triatomic with very strong centrifugal distortion effects, the present method yields values in very good agreement with direct rovibrational summation. For formaldehyde, a tetra-atomic molecule with fairly moderate centrifugal stretching, the results obtained with both methods are essentially identical. On the other hand, CPU time requirements differ by more than 3 orders of magnitude for water, and more than 4 orders of magnitude in the case of formaldehyde. This ratio will become even more favorable for larger molecules.
